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Abstract: In this paper, we propose a unified framework to perform progressive image
restoration based on hybrid graph Laplacian regularized regression. We first construct a
multi-scale representation of the target image by Laplacian pyramid, then progressively
recover the degraded image in the scale space from coarse to fine so that the sharp edges
and texture can be eventually recovered. On one hand, within each scale, a graph Lapla-
cian regularization model represented by implicit kernel is learned which simultaneously
minimizes the least square error on the measured samples and preserves the geometrical
structure of the image data space by exploring non-local self-similarity. In this procedure,
the intrinsic manifold structure is considered by using both measured and unmeasured
samples. On the other hand, between two scales, the proposed model is extended to the
parametric manner through explicit kernel mapping to model the inter-scale correlation,
in which the local structure regularity is learned and propagated from coarser to finer
scales. Experimental results on benchmark test images demonstrate that the proposed
method achieves better performance than state-of-the-art image restoration algorithms.

I. INTRODUCTION

The problem of restoring patterns and structures in images from noisy observation is
encouraged in many engineering and science applications, ranging from computer vision,
consumer electronics to medical imaging. For example, in many real world applications,
observed images often contain noise that should be removed beforehand for improving the
reliability of subsequent image analysis tasks. Images may be contaminated by various
types of noise. Among them, impulse noise is one of the most frequently used noise
models, which destroys only some portion of an image and leaves other pixels noise-free.
The impulse noise may be introduced into images during acquisition and transmission.
For example, it may be caused by malfunctioning pixels in camera sensors, faulty memory
locations in hardware or transmission in a noisy channel [1].

A vast variety of impulse noise removal methods are available in the literature, touching
very different fields of signal processing, mathematics and statistics. From a signal
processing perspective, impulse noise removal poses a fundamental challenge for con-
ventional linear methods. These methods typically achieve the target of noise removal
by low-pass filtering which is performed by removing the high-frequency components
of images. This is effective for smooth regions in images. But for texture and detail
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regions, the low-pass filtering typically introduces large, spurious oscillations near the
edge known as Gibb’s phenomena [2][3]. Accordingly, nonlinear filtering techniques are
invoked to achieve effective performance. One of the most popular and robust nonlinear
filters is the so called decision-based filters, which first employ an impulse-noise detector
to determine which pixels should be filtered and then replace them by using the median
filter or its variants, while leaving all other pixels unchanged. The representative methods
include the adaptive median filter [4] and the adaptive center-weighted median filter [5].

Besides, many successful algorithms for impulse noise removal can be derived from
the energy method. In this framework, image restoration is considered as a variational
problem where the restored image in computed by minimizing some energy functions.
Typically, such functions consist of a fidelity term such as the norm difference between
the recovered image and the noisy image, and a regularization term which penalizes high
frequency noise. For example, Chan et al. [6] propose a powerful two-stage scheme, in
which noise candidates are selectively restored using an objective function with an �1
data-fidelity term and an edge-preserving regularization term. Cai et al. [7] propose a
enhanced algorithm for deblurring and denoising, and achieve wonderful objective and
subjective performance. Different from Chan and Cai’s work, Li et al. [8] formulate
the problem with a new variational functional, in which the content-dependent fidelity
assimilates the strength of fidelity terms measured by �1 and �2 norms, and the regularizer
is formed by the �1 norm of tight framelet coefficients of the underlying image.

From a statistical perspective, impulse noise removal is essentially ill-posed, and often
can be formulated as a statistical inference problem in which the optimal configuration is
the goal. The performance of an image restoration algorithm largely depends on how well
it can employ regularization conditions or priors when numerically solving the problem.
One common assumption for natural images is intensity consistency, which means: (1)
nearby pixels are likely to have similar intensity values; and (2) pixels on the same
structure are likely to have similar intensity values. Note that the first part means images
are locally smooth, and the second part means images are with non-local self-similarity.
Accordingly, how to choose statistical models that thoroughly explore such two prior
knowledge directly determines the performance of impulse noise removal algorithms.
Another important characteristic of natural images is they are comprised of structures
at different scales. Through multiscale decomposition, the structures of the image at
different scales become better exposed, and hence be more easily predicted. At the same
time, the availability of multiscale structures can significantly reduce the dimension of
problem, hence, make the ill-posed problem to be better addressed.

Motivated by the above observation and the well-known theory of kernels, in this paper,
we propose a novel algorithm to perform progressive image restoration based on hybrid
graph Laplacian regularized regression. In our method, a multi-scale representation of
the target image is constructed by Laplacian pyramid, through which we try to efficiently
combine local smoothness and non-local self-similarity. On one hand, within each scale,
a graph Laplacian regularization model represented by implicit kernel is learned which
simultaneously minimizes the least square error on the measured samples and preserves
the geometrical structure of the image data space by exploring non-local self-similarity.
In this procedure, the intrinsic manifold structure is considered by using both measured
and unmeasured samples. On the other hand, between two scales, the proposed model is
extended to the parametric manner through explicit kernel mapping to model the inter-
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scale correlation, in which the local structure regularity is learned and propagated from
coarser to finer scales. Note that in our method the objective functions are the same for
intra-scale and inter-scale processing, but with different solutions obtained in different
feature spaces: the solution on the original feature space by implicit kernel is used for
intra-scale, and the other solution on the higher feature space mapped by explicit kernel is
used for inter-scale. Therefore, we argue the proposed progressive restoration is actually
in a unified framework.

The rest of the paper is organized as follows: Section II introduces the proposed graph
Laplacian regularized model and its kernel extension. Section III details the proposed
multi-scale image restoration framework. Section IV presents some experimental results
and comparative studies. Section V concludes the paper.

II. IMAGE RESTORATION VIA GRAPH LAPLACIAN REGULARIZED REGRESSION

Given a noisy image X with n pixels, each pixel can be described by its feature vector
xi = [ui,bi], where ui = (h, w) is the coordinate and bi is the local patch centered on
xi. We call the grayscale value yi as the label of xi. In view of machine learning, the
task of image restoration can be addressed as a problem of semi-supervised regression.
When image measures are noise-dominated, the performance of this procedure might be
improved by implementing it in two steps: one that detects the reliable samples which are
regarded as labeled ones, and one that adjusts the inference to give a best fit to the labeled
samples and uses the fitted model to estimate other unreliable (unlabeled) samples.

For the first step, we use the adaptive median filter (AMF) for impulse noise detection.
Suppose that [dmin, dmax] be the dynamic range of X, F be the filtered result by median-
type filter, and A be the image plane. Noticing that noisy pixels take their values in the
set {dmin, dmax}, the candidates of noisy pixels can be determined as follows [6]:

N = {(h, w) ∈ A : Fhw �= Xhw &&Xhw ∈ {dmin, dmax}}. (1)

Then the detected noisy pixels are treated as unlabeled (unmeasured) samples, whose
grayscale values are set to be zeros and needed to re-estimated. The rest clean pixels
are regarded as labeled (measured) samples, which keep their original values unchanged.
After noise detection, we can get a new image I called the reference image.

A. Graph Laplacian Regularized Regression (GLRR)
Given labeled samples Xl = {(x1, y1), · · · , (xl, yl)}, we learn the prediction function

f by minimizing the prediction error on the set of labeled samples:

argmin
f∈Hκ

J(f) = argmin
f∈Hκ

l∑
i=1

‖yi − f(xi)‖2 + λ‖f‖2, (2)

where Hκ is the Reproducing Kernel Hilbert Space (RKHS) associated with the kernel
κ. Hκ will be the completion of the linear span given by κ(xi, ·) for all xi ∈ I, i.e.,
Hκ = span{κ(xi, ·)|xi ∈ I}.

The above regression model only makes use of the labeled samples to carry out
inference. When the noise level is heavy, which means there are few labeled samples,
it is hard to achieve a robust recovery of noisy images. Moreover, it fails to take into
account the intrinsic geometrical structure of the image data.

For the current image restoration task, the image data manifold is unknown. Therefore,
we construct a graph to discretely model the manifold structure. Specially, we model
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the whole image sample set as a undirected graph G = (V , E) with the vertex set V
corresponding to all labeled and unlabeled data points, and the edge set E ⊆ V × V
representing the relationships between vertices. Each edge is assigned a weight Wij which
reflects the similarity between the connected vertices xi and xj . With the above definition,
our method models the geometric relationships between all data points in the form of
a graph, and the geometrical structure of the data space can be described by the graph
Laplacian. Through the graph Laplacian regularization, the manifold structure can be
incorporated in the objective function. In this way, we smooth the conditional probability
functions along the geodesics of the manifold, where data points in the graph with larger
affinity weights have similar conditional probability density functions. Mathematically,
the manifold assumption can be implemented by minimizing the following term:

R(f) =
∑n

i,j
(f(xi)− f(xj))

2Wij. (3)

Let D be a diagonal matrix, whose diagonal elements are the row sums of W, i.e.,
D(i, i) =

∑
j Wij . We define L = D − W ∈ �n×n as the graph Laplacian. With above

definition, Eq.(3) can be further written as:

R(f) = fTDf− fTWf = fTLf, (4)

where f = {f(x1), · · · , f(xn)}. Combining this regularization term with Eq.(2), we obtain
the objective function of Laplacian regularized least square (LapRLS):

argmin
f∈Hκ

{J(f) = ‖yL − fL‖2 + λ‖f‖2 + γfTLf} (5)

where yL = [y1, · · · , yl]T , fL = [f(x1), · · · , f(xl)]
T and f = [f(x1), · · · , f(xn)]

T .

B. Optimization by Implicit Kernel
In order to obtain the optimal solution for the above objective function, we exploit a

useful property of RKHS, the so called representer theorem. It states that minimizing of
any optimization task in Hilbert space H has finite representation in H.

According to the Representer Theorem [9], we define f(x) as:

f(x) =
∑n

i=1
αiκ(xi,x). (6)

And we can further define f as:

f =

⎡
⎢⎢⎢⎣

f(x1)
...

f(xn)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

∑n
i=1 αiκ(x1,xi)

...∑n
i=1 αiκ(xn,xi)

⎤
⎥⎥⎥⎦ = Kα, (7)

where K is the kernel gram matrix with Kij = κ(xi,xj). Denoting KL as the submatrix
consisting of rows of K corresponding to those labeled samples in the set XL, we have
fL = KLα. With above representations, the objective function defined in Eq. (5) can be
rewritten as:

argmin
α∈Rn

{J(α) = ‖yL −KLα‖2 + λαTKα + γαTKLKα}. (8)
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Therefore, the original minimization problem converts to a quadratic problem with respect
to the representation coefficient vector α = [α1, · · · , αn]

T . By taking ∂J(α)/∂α = 0, we
can derive a closed-form solution as:

α∗ =
(
KLK

T
L + λK+ γKLK

)−1
KLyL. (9)

We call the above model as implicit kernel GLRR (IK-GLRR), and how to define Kij =
κ(xi,xj) will be elaborated in next section. Substituting this optimal coefficient vector
into Eq. (6), we can get the optimal predicted values for all samples.

C. Optimization by Explicit Kernel
The above implicit kernel induced framework addresses the problem of nonlinear

estimation in a nonparametric manner, which relies on the data itself to dictate the
structure of the model. We further explicitly map samples to a high dimensional feature
space in order to reformulate the proposed graph Laplacian regularized model in a linear
manner in that space. This will bring us additional insights to help addressing the current
ill-posed problem.

Define ϕ : I → Rm as the mapping function, which projects the original feature to
a higher feature space, this is x̃i = ϕ(xi). Moreover, we define a linear kernel function
in this higher-dimensional feature space as κ (x̃i, x̃j) = x̃i

T x̃j . With the definition, the
representer theorem formulated in Eq. (7) can be written as:

f(x̃) =
∑n

i=1
αiκ (x̃i, x̃) =

(∑n

i=1
αix̃i

T
)
x̃. (10)

Denoting wT =
(∑n

i=1 αix̃i
T
)
, f(x̃) = wT x̃ converts to a linear function with the

coefficient vector w ∈ Rm. And f̃ can be written as:

f̃ =

⎡
⎢⎢⎢⎣

f(x̃1)
...

f(x̃n)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

wT x̃1

...

wT x̃n

⎤
⎥⎥⎥⎦ = X̃Tw, (11)

where X̃ = {x̃1, · · · , x̃n} is the feature matrix in the mapped high-dimensional space.
Substituting those into Eq. (5), the objective function becomes a parametric quadratic

problem with respect to w:

argmin
w∈Rm

{J(w) =
∥∥∥yL − X̃T

Lw
∥∥∥2 + λwTw + γwT X̃LX̃w}, (12)

where X̃L = {x̃1, · · · , x̃l}. By taking ∂J(w)/∂w = 0, we can derive a closed-form
solution as:

w∗ =
(
X̃LX̃

T
L + λI + γX̃LX̃}

)−1
X̃yL. (13)

Here, I is the identity matrix. We call the above model as explicit kernel GLRR (EK-
GLRR). In the practical design, we define ϕ as mapping one pixel to 4-dimensional
vector including its four 8-connected neighbors along two diagonal directions.

The kernel trick described above maps the non-linear features into a higher dimensional
linear feature space, in which we can obtain a linear relationship between mapped
features. In the field of image processing, some linear models, such as autoregressive (AR)
model, have been widely used in image classification, interpolation, and compression [11].
It inspires us to use the EK-GLRR model to finish similar tasks, such as upsampling. In
the next section, we will show how IK-GLRR and EK-GLRR model can be combined
together into an elegant framework.
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Fig. 1. Diagram of the proposed method.

III. PROGRESSIVE HYBRID GRAPH LAPLACIAN REGULARIZATION

In this section, we present the proposed multiscale framework to efficiently combine
the graph Laplacian regularized regression and its kernel version. There are at least
several reasons why we use the multiscale framework. First, a multiscale scheme will
give a more compact representation because it encodes low frequency parts and high
frequency parts separately. As well known, the second order statistics of natural images
tends to be invariant across different scales [12]. Therefore, the low frequency parts can
be extracted from much smaller downsampled image. Second, the stronger correlations
among adjacent image blocks will be captured in the downsampled images because every
four image blocks are merged into one block in the downsampled image.

We now introduce a multiscale implementation of the hybrid graph Laplacian regu-
larization model. The proposed multi-scale scheme is illustrated in Fig.1, where 90%
samples in the test image peppers are corrupted. We use the subscript l to indicate the
level in the pyramid of downsampled images. The finest level (the original image) is
indicated by l = 0. The larger is l, the coarser is the downsampled image. We denote
the highest level to be l = L.

First, the level-l image Il passes a low-pass filter F , which is implemented in our
method by averaging the existing pixels in a 2 × 2 neighborhood on higher resolution.
Then, the filtered image is downsampled by 2 to get a coarser image Il+1.

Il+1
.
= F (Il) ↓ 2, l = 0, · · · , L− 1. (14)

In this way, we can construct a Laplacian pyramid. In practical implementation, we
construct a tree-level Laplacian pyramid.

At the coarsest scale 2, the missing samples in I2 can be recovered via the proposed
IK-GLRR model which has been detailed in Section II-B to get Î2. And this estimation
can be computed iteratively by feeding the processing results Î2 to the estimator as a prior
for computing the kernel distance. In practice, two iterations was found to be effective
in improving the processing results in such type of operations. Specially, in the first
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TABLE I
OBJECTIVE QUALITY COMPARISON OF FOUR ALGORITHMS(IN DB) FOR ONLY DENOISING

Images
80% 85% 90%

KR Cai IFASDA Ours Gain KR Cai IFASDA Ours Gain KR Cai IFASDA Ours Gain

Lena 29.65 29.11 28.57 30.44 0.79 27.48 28.12 27.06 29.13 1.01 25.02 26.56 25.23 27.49 0.93
Peppers 28.12 28.56 27.25 28.79 0.23 26.49 27.51 25.91 27.94 0.44 23.88 26.05 24.21 26.48 0.43
Wheel 26.67 27.36 27.25 27.47 0.11 24.81 26.38 25.97 26.44 0.06 22.98 25.09 24.51 25.12 0.03

Airplane 26.62 26.84 26.88 27.34 0.46 24.73 25.72 25.38 26.31 0.59 22.35 24.39 23.74 25.02 0.63
Boat 25.99 26.66 25.85 26.89 0.23 23.97 25.59 24.66 25.81 0.22 21.96 24.14 22.84 24.47 0.33
Man 19.25 19.32 19.38 19.91 0.53 17.39 18.58 18.51 18.96 0.38 16.04 17.78 17.57 17.81 0.03

Average 26.05 26.31 25.86 26.81 0.39 24.15 25.32 24.58 25.77 0.45 22.04 24.01 23.02 24.39 0.39
TABLE II

OBJECTIVE QUALITY COMPARISON OF FOUR ALGORITHMS(IN DB) FOR DEBLURRING AND DENOISING

Images
80% 85% 90%

KR Cai IFASDA Ours Gain KR Cai IFASDA Ours Gain KR Cai IFASDA Ours Gain

Lena 30.09 28.57 29.72 30.84 0.75 28.33 27.71 28.06 29.71 1.38 26.02 26.39 25.66 28.09 1.71
Peppers 29.05 28.16 28.09 29.55 0.51 27.07 27.24 27.05 28.62 1.38 24.63 25.29 25.24 27.15 1.86
Wheel 27.33 26.81 27.49 28.11 0.61 25.91 26.09 26.82 27.18 0.36 23.29 25.05 24.71 25.92 0.87

Airplane 27.32 26.23 27.22 27.88 0.56 25.57 25.44 26.47 26.93 0.46 23.86 24.25 23.98 25.72 1.47
Boat 26.94 26.19 26.92 28.11 1.17 24.97 25.27 25.45 26.62 1.17 22.27 23.72 23.51 25.21 1.49
Man 20.53 19.16 20.85 21.08 0.23 19.14 18.64 19.65 20.27 0.62 17.37 17.99 18.33 19.26 0.93

Average 26.87 25.85 26.72 27.59 0.64 25.17 25.07 25.58 26.56 0.89 22.91 23.78 23.57 25.23 1.38

iteration, since there is only coarsest noisy image I2 at hand, we construct the kernel
distance by Gaussian kernel:

κ(xi,xj) = exp(‖ui − uj‖2 /σ2), (15)

where ui and uj are the location coordinates of xi and xj respectively. For the rest
iteration and iterations in other higher level, we use non-local means kernel to explore
the global correlation among the whole image samples:

κ(xi,xj) = exp(‖bi − bj‖2 /σ2). (16)

where bi and bj are the local patches centered on xi and xj respectively.

The recovered image Î2 is then upsampled with the proposed kernel EK-GLRR model,
which has been detailed in Section II-C, to get Î1. Î1 can be used as a prior estimation for
the IK-GLRR model towards a refined estimate Î∗1. Î

∗
1 can then be upconverted to Î0 by

the EK-GLRR model. And the refined estimate Î0 can be combined with I0 into another
IK-GLRR recovery procedure towards the final results Î∗0. Using the above progressive
recovery based on intra-scale and inter-scale correlation, we gradually recover an image
with few artifacts.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

In this section, extensive experimental results are presented to demonstrate the supe-
riority of the proposed impulse noise removal algorithm. In our comparison study, we
select six widely used images in the literature as test images, as illustrated in Fig. 2. For
comprehensive comparison, the proposed method is compared with some state-of-the-
art work in the literature. Specifically, four approaches are included in our comparative
study: (1) kernel regression (KR) based methods [9]; (2) two-phase method proposed by
Cai et al. [7]; (3) iterative framelet-based method (IFASDA) proposed by Li et al. [8];
(4) our method. In the experiments, we test two kinds of scenarios: only denoising and
denoising for blurred images. Both cases are tested on salt-and-peppers noise.
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Fig. 2. Six sample images in the test set

A. Only Denoising
First, let us consider the objective and subjective quality comparison on only denoising.

For detecting salt-and-pepper noise, we use the AM filter [5] with a maximum window
size of 19. We quantify the objective performance of all methods by PSNR. Table I
tabulates the objective performance of the compared methods on three heavy noise levels:
80%, 85%, 90%. It is clear that for all images our method gives highest PSNR values
among the compared methods. The average PSNR gain over the best one among other
compared methods is up to 0.45dB. Note that KR can be regarded as a method only
performs nonparametric estimation, which fails to handle high noise levels, such as 90%.
This demonstrates the modeling power of the proposed multi-scale hybrid framework.

Given the fact that human visual system (HVS) is the ultimate receiver of the restored
images, we also show the subjective comparison results. The recovered results for Lena,
Peppers and Boat are illustrated in Fig. 3, corresponding to 90% salt-and-peppers noise.
The contents of these noisy images are almost not visible. From the results, we can find
that, under high noise levels, the kernel regression methods generate some spurious high
frequency artifacts; Cai’s method overblurs the results and cannot keep the edge structure
well; while the IFASDA approach causes irregular outliers along edges and textures. It
can be clearly observed that the proposed algorithm achieves the best overall visual
quality through combining the advantages of both intra-scale and inter-scale modeling
techniques: edges are more consistent due to intra-scale non-local self-similarity modeling
and edges is sharper due to the local smoothness modeling. Both the superior subjective
and objective qualities on test images convincingly demonstrate the potential of the
proposed progressive framework on impulse noise removal.

B. Denoising and Deblurring
Next, let us examine the performance of compared methods on denoising and deblur-

ring simultaneously, where the test images are first blurred and then added with impulse
noise. The blurring operators are Gaussian blur with a window size of 7 × 7 with a
standard deviation of 1. The added impulse noise is still with three heavy levels: 80%,
85%, 90%. Table II illustrates the quantitative comparison on these the test images. It
can be observed that the proposed algorithm achieves the highest PSNR values for all
test images. The average PSNR gain over the best one among other compared methods
is up to 1.38dB.

We also test the subjective quality comparison. The recovered results for Lena, Peppers
and Boat are illustrated in Fig. 4, corresponding to 90% salt-and-peppers noise. Our
method produces the most visually pleasant results among all comparative studies. Even
under blur and impulse noise simultaneously, the proposed algorithm is still capable
of restoring major edges and repetitive textures of the images. It is noticed that the
proposed method can more accurately recover global object contours, such as the edge
along the shoulder in Lena, the edge along the pepper in Peppers, and the edges along
the mast in Boat. It is easy to find that the edge across the region with heavy noise
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Fig. 3. Subjective quality comparison on only denoising on 90% salt-and-peppers noise. Column 1: the noisy images;
Column 2: the results of KR; Column 3: Cai’s results; Column 4: the results of IFASDA; Column 5: our results.

cannot be well recovered with other methods. This further demonstrates the power of
the proposed multi-scale impulse noise removal algorithm. The strength of the proposed
progressively recovery approach comes from its full utilization of the intra-scale and inter-
scale correlations, which are neglected by the currently available single-scale methods.
And many large-scale structures can be well recovered based upon the progressively
computed low-level results, which is impossible for traditional single level impulse noise
removal algorithms.

V. CONCLUSION

In this paper, we present a novel impulse noise removal algorithm based on hybrid
graph Laplacian regularized regression. The framework we used is a multi-scale Laplacian
pyramid, where the intra-scale relationship can be modeled with the proposed implicit
kernel based graph Laplacian regularization model while the inter-scale dependency can
be learned and propagated with the explicit based model. In this way, both local and
nonlocal regularity constraints are exploited to improve the accuracy of noisy image
recovery. Experimental results demonstrate our method outperforms the state-of-the-art
methods in both objective and subjective quality. The proposed framework is powerful
and general, and can be extended to deal with other ill-posed image restoration tasks.
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